CHAPTER 9

A BRIEF AND COMPLETE SOLUTION
OF THE CUBOIDS PROBLEM

by Aldo Peretti

9.0. INTRODUCTION

The cuboid problem goes back to Euler, who asked to find those
parallelpipeds with integral edges and integral diagonals in their faces.
Analytically, this means to solve the following system of equations:
X2 + y2 — W2
(901) )(2+z2 =V2

y?+2°=u?

The minimal solution has been found by computers, and is:

442 +117% =125°
442 4 2407 = 2447
1172 +240° = 2672 ref.[40]

9.1. INTERSECTION FORMULAS

We have:

i n2 2 .
(9.1.1) A{[\/f]}: [ﬁ][ﬂ]—{l if n“<t<n“+1 (n=integer)

0 in any other case

Otherwise stated, the graph of A{[ﬁ]}consists of segments of length 1 at height 1,
placed at the right hand side of the square numbers. Below each segment there is an
area of value 1.

Here [u] denotes the greatest integer function.
Hence:

1if m?2<x?+y?<m?+1
(9.1.2) [\/x2+y2}—[\/x2+y2_1}: [ X“+y°<
0 in other case
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r 1T 7 [1if p?ex?+z22<p?+1
UxZ+y? [=|[Vx2+22-1|= P P
- 4t 0 in other case

r 1T 7 1if g2 <y?+z2<qg?+1
Jy2+2% |- x2+22 -1 |= =y |
- 4 L 0 in other case

It is evident then that the quantity of solutions N( Xo, Yo , Zo ) of system (9.0.1) with

X<Xo, Y<VYo, zZ<Zy isgiven by the expression:

(9.1.3) N(Xo,Y0,20) = ZO: Z Z {[ X2+y2]—[\/x2+y2_1]}x

X;=1y,=12,=1

x{[\/x +2z ]— [\/x2 +2° —1]}x{[\/y2 +22]— [\/y2 +27° —1]}

For the sake of simplicity we write this as:

©14)  Nooyezo) = Ezalley? ] allbd -7 pally 2]

Taking into account the values of the A’s as given in (2.2), we deduce:

N(xo,yo,zo)sxj0 yf Zjo A{W]} {m]} {[ y +2 ]}dx~dy~dz

(9.1.5) 111

The equality sign holds when X, , Yo and z, fall in an interval without squares or
squares + 1. In contrary case holds the asymptotic sign ~.
9.2. LEMMA (9.2.1)

The following theorem can be found in ref [54].

Let be F(t) and G(t) two non decreasing functions that fulfill the following condition:

limsup F(A)/FA) <~ forallt>0

and such that

L{F(u)} = L{G(u)} as s —0

Then the exact condition that they must fulfill in order that hold that:
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F(t) = G(t) as t — oo
is that

limsup F(At)/F(A) be continuous at t=1
A—>c0

In the case of the function:
F(t) = agth

we must check if:

i FOO _ o [ ]-| (-0t i (e |- -Da+re |
S C e B A EEY

is continuous when £ — 0. Indeed, this is the case.

9.3. THE ASYMPTOTIC VALUE OF A {[¥t]}

The formula
1 ok
(9.3.1) L{['i/?]}j Ye™"
n=1

can be found in tables, or easily deduced from the definition of L, the Laplace
transform.

From this follows (by the translation property of the Laplace transform) that:

(9.3.2) L{[M]-[M]}: 1-e” fe—snk = £(s)
n=1

S

The function represented by the above series has a natural boundary on s=c =0

Its Farey dissection

(9.3.3) S e _rae1id qz_l—‘"’("'q'h)
n=1L

=L h=0g(s+2rmi )"
q

+O(N1/k—1)

(ha)=1
shows the poles it has there, and the values of the respective residues. Here

T orixkny
w(k,g,h) = > e ™4

x=0

is the Weyl sum. @d
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From (9.3.2) and (9.3.3), putting that A ¥/t |=[¥t|-[¥t-1], follows:

q-1
(9.3.4) 1(5) = Ll =125 {T(1+1/k)z y o whkah) h)l/k+0(N1’k—1)}
=1h=0 q(s+2mih/q)
or
(9.3.5) [\/-] L_l{l e S gN(s)+ O(Nllk 1)}

where L~!denotes the inverse Laplace transform.

The last term at right is entirely negligible. In fact, we have according to tables, that:

= 1_e~S _ lifO<t<l
S Oift>1
As we are interested only in the case when t > 1, we write (9.3.5) as:

(9.3.6) e L”{ gN@% R MOIRT

we compare now f(s) with

(9.3.7) g (5)=L"on©)}
It is evident that
(9.3.8) £76)=9°6)
as s—0.
The function A[K/YJ fulfills the requirements of the Tauberian theorem of

Lemma (9.2.1), and so we can assert that:

(9.3.9) F(t)=G(t) aS t— oo
where
(9.3.10) f(t) = L—l{ (s)} G(t):l:l{g*(s)}
Hence
q-1
(9.3.11) FO) =Gt =L Hgn @)=L TA+1/K) Y ZM -
q=1h=0 (s + 2mih / q) /¥
s

w(k,q,h) _ogi
zz ( qq )C 21'C|h/qt
(ha)=1

k



08 A BRIEF AND COMPLETE SOLUTION OF THE CUBOIDS PROBLEM

From (9.3.10) and (9.3.6) follows our final formula:

t1/k-1 N qz—:l w(k,q, h)e—Znith/q
q—]h 0 q

(h.)=1

(9.3.12) A=

9.4. RETURN TO THE TRIPLE INTEGRAL

Now we consider the special case k=2 in the preceding formula.
We obtain:

(9.4.1) A([ﬁ])z%Z(% W(Z;qq. h)o-2nith/qy-1/2
q

which we write simply as:
A([ \/’D S(q 8,172

it follows that

A([ X2+ y2 D z% %%(XZ 4 y2)—1/ 2

g=1

(9.4.2) A([\/xz } %zs(q t2) 222
A({\/x2 } %gs(qq%) ,2)-1/2

2 2

with ty =x2+y? ty=x?+z 2

t3=y® +2

introduction of these formulas in (9.1.5) yields

X0 Y020
(9.4.3) N(X0.Y020) = | I%(SWWIZ“W”IZ“WQ)
111 q q q

dx.dy.dz

Jx2 +y2)(x2 +22)(y? +22)

we apply now the first mean value theorem of the integral calculus successively to

the variables, and deduce:
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X0 Y020 dx.dv.d
[ 1] =Y

111 (x +y)(x +z)(y +z)
where

= x42 +y 2 with 1<x1<Xp 1<y;<yp andsoon
1 1 1

The question is now the evaluation of the integral

N

X0 Y020 dx.dy.dz

LT T
111

Vo2 +y)(x2 +22)(y +2)
In order to pass from Cartesian coordinates (X, y, z) to spherical coordinates

(r,9,9) holds the formula

[][F(xy,2) dx-dy-dz=] [ [f(r-sine-cosd, - sing-sind, r - cosg) r’ sing- dr-dd- do

v v

see ref [8]
If 1<x<Xo, 1<y<yp ,1<z<7zp,then:

X2 +y2+22 <x 2 +y,t +2,°
This last value is nothing but D¢?, the square of the diagonal of the cuboid.
Then r varies from 3 to Dy; the angle ¢ varies between 0 and

90 < -

the angle o, Vvaries between v, and, consequently we have:

I
By <=
079

1
\/Ginz(p-coszf}+cosz(pkin2(p~sin2f}+cosz(p)

9.4.5 2o drfde e d
O45 ffth

cb\cap

The integrals involving ¢ and © are independent of r, and can be represented by a

certain constant C(¢p,%). Hence we deduce:

(946) |1 =%C((p0’ﬂo) Iog Do + O(l)
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Replacing in (9.4.5) we obtain:

s
(9.4.7) N(x0.¥0.20) = 5 C(90.00) log Do +0 (1)

A first consequence of (9.4.7) is that there are infinitely many solutions of the system
(9.0.2).

Many of them have been determined by actual calculation or still, by parametric
formulas (see ref. [5], [7], [26] and [53]).

9.5. PERFECT CUBOIDS

What happens in the problem of cuboids when it is required that also the
diagonal D=(\/x2+y2+22) be an integer? (The so called “perfect cuboids”™). This is
equivalent to solve the system:

x2+y?=u?

2.0 _ 2
(9.5.1) Xz +22 _Vz

y2+z%=u

x? +y*+2° =D?

The quantity of solutions with 1<x<Xx,, 1<y<yq 1<7<Z, jsnow:

NX: Y. 20) :Eloj?%o; A{[\/xz +y? ]}A{[\/xz +2° ]}A{[\/yz +2° ]}A{[\/xz +y? +22]}

It follows that:

5, " Y0 %0 dx - dy - dz

N(Xg,Y0,20) =—
nIe {{{ V2 +y?Jx? + 22 Jy? + 22 x? +y? +22)

o
N

2

where S; is the new singular series, easily deducible from above.

Performing the same substitutions than before, we find:

S
N(><o,yovZo)=2—zl1

dro % 1

0 \/(sinz<p~coszﬂ+cosch)(sin2<p~sin2ﬁ+cosch)

=0(1)

for large D.
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Hence, it is to be expected only a finite quantity of solutions. In fact, no

solutions has been found with smallest side <2%, (Internet ).



