
(6.1 ) N(Y) - S(c,) logDy2
4JD 

7. The asymptotic values of the solutions, for large Y and D. 

They can be deduced from formula (5.1). Very clearly N(y n ) =n, 

so that we 0 btain from (5.1) that 

srl") ( 2 ) 
(7.1) n - -''''-' 10 0 1 y4JD b\ n 

Passing to exponentials we get
 

rr:: r2nJD1
(7.2) exp l--fvD Yn ­ 8(1:,) 

and 

J 2 r 4.JO 1
112 

2nJD(7.3) X n =: Dyn +1 -1exp S(I:,) ,11 - exp 8(1:,) 

The minimal solution, for large D, is 

(7.4) XI ­ exp {2JD}
S(I:,) 

so that the fundamental solution 

is asymptotically equal to 

(7.5) .,.., - 2 expf 2JD}
'ID l S(I:,) 

Due to the scillating value of S(c,) , formula (62) explains the violent changes that 

are found in the values of table 1. 

From (6.5) fall ws that 

2-JD
(7.6) logllD ---+log2

8(1:,) 

8. Bounds for S(s) 

.At present, we have not any reasonable way to evaluate S(I:,) , nor 'IlD' 

However, a certain orientation can be derived from following considerations. 

The equation x 2 
- (k 2 -1) l = 1has the minimal solution Xl=: k Yl =: 1, so that 
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fiut from (6.6) follows that 

(2JD)(8.2) TJD ~ 2 exp - ­
S(I;) 

Equating (7.1) and (7.2) we obtain: 

(8.3) S(I;) ­ 2.fi5 
log JD 

-2D~-£ 

Besides Hooley has proved the following theorem: 

• Denote with r(x,a) the quantity of [. os: x such that ~+ClTJo ~ D 2 with 

o ~ a ~ 
4a2 

1/2. Then :r(x,a)~-2j;Z .log2 x 
7t 

• There is a positive density of detenninants 0 for which 110 > DX /log D (ref, [4]) 

• If b < 3/4, then TJo > Db for almost every D 

On the other side L. K. Hua (ref [5]) proved that for the equation 

2x - Dy2 =; 4 

holds the bound 

It can be conjectured that this bound is also of appli.cation to Dell's equation. 

However this bound is not better than the older one obtained by Thekla Schmitz (refl7]), 

that 

TJD <:2 exp(4D)
 

Table 1. Smallest solutions y, of D/ + 1:: square
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5

10

15

20

25

30

35

40

45

50

D Yl D YI D YI 
I 
2 
3 
4 

6 
7 
8 
9 

II 
12 
13 
14 

16 
17 
18 
19 

21 
22 
23 
24 

26 
27 
28 
29 

31 
32 
33 
34 

36 
37 
38 
39 

41 
42 
43 
44 

46 
47 
48 
49 

-
2 
I 
-
4 
2 
3 
1 
-

6 
3 
2 
180 
4 
1 
-

8 
4 
39 
2 
12 
42 
5 
1 
-
10 
5 
24 
1820 
2 . 
273 
2 
4 
6 
J 
-
12 
6 
4 
3 
220 
2 
531 
30 
24 
3588 
7 
1 
-

14 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 
100 

7 
90 
9100 
66 
12 
2 
20 
2574 
69 
4 
226153980 
8 
1 
-
16 
8 
5964 
4 
936 
30 
413 

·2 
267000 
430 
3 
6630 
40 
6 
9 
I 

18 
9 
6 
30996 
1122 
3 
21 
53000 
2 
165 
120 
1260 
22J064 
4 
5 
6377352 
10 
I 
-

101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
I J 1 
112 
113 
114 
liS 
116 
117 
I J8 
i 19 
120 
121 
122 
123 
124 
J25 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
l45 
146 
147 
148 
149 
150 

20 
10 
22419 
5 
4 
3115890 
93 
130 
15140424455100 
2 
28 
12 
113296 
96 
105 
910 
60 
28254 
11 
1 
-

22 
I I 
414960 
83204 
40 
419775 
51 
1484 
570 
927 
2 
224460 
12606 
21 
3 
519712 
4 
6578829 
6 
8 
12 • 
I 
-
24 
12 
8 
6 
2113761020 
4 
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