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Abstract. In a previous;paper regarding the Infratrigonometry (M 31, We performed
an analysis about some basic elements of the Transtrigonometry (TT) [2] exterided to
its inferior domam in function of the order values k. Thus, if for TT, k hag- alu'

* domairi'l <k <2, for IT the order k has values in the domain 0 <k <. % &

. *In this paper we perform the analysis of another ad_)acent to TT domain, th'ls time
’of a superior order namely for 2 < k < . We call this domain ,,Ultratrigonometry”
(UT). For this domain we will point out its particular characteristics for the basic
functions in this Trigonometry.

Keywords and phrases. Ultratrigonometry, Transtrlgonometry, Infratn gonometry,
Special tngonometnc functlons R .

1. Iht'rodlioti:on‘

From [2] and [3] we know that the basic formulas for TT and respectwely 1T

are the following:

' © forTT (1 <k<2) ) R

[styae* +|ctku| =1 . ' (1 1)

where stka is ,,sme tra.nstngonometnc of order k of the angle «” and ctka is ,,cosine

transtrigonometric of order k of the angle o :

forIT (0<k<1) ’ : S

o Isixa* + [ciyal* = 1 (1.2)

where siya is ,,sme infratrigonometric of order k of the angle a” and c1ka is ,,cosme

infratrigonometric of order k of the angle a”.
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Another basis formula, common to all previously described trigonometries
(TT, IT, CT and QT) [1] is that one whrch represents the equallty of the ,tangent”
functions for all above cases namely: = :
tgtka tglka tgqa tga o o (13)

where_tgt is referred to TT, tgi is referred to IT and tgq is referred to Quadratic
“trigonometry (QT) [1]; tga is the tangent function of the Classical trigonometry. (CT).
Recall that k = 1 is characteristic to QT, and k = 2 is characteristic to CT. QT
is the border between TT and IT and, as we will see, CT is the border between TT and
"2. The characteristics of Ultratrigonometric functions.. ., .

Similar to formulas (1.1), (1.2) and (1.3), for UT case (for 2 < k < oo) we have

the formulas:
[suzal* + [cua =1 .1

tgu o =tgo 4 _ - (22

where sua is “sine. ultratngonomemc of order k of the angle a”, cuyo is “cosine
ultratngonometnc of order k of the angle o” and tgu,o is “tangent’ ultratngonometnc of
order k of the angle a”, Thus, as in TT and IT cases, starting with formulas (2.1)
and (2:2) from above we obtain the follomng formulas for the basic" functlons sy
and cuka in UT: :
suka=ﬂ: [1/(1+ [ctga/o1"* . o 2.3)
cuo == 1 1+ ltgo )] K - 249
The distinction between formulas (2.3) and (24) compared with the
corresponding values in TT and IT consists only in the domain values of order k.
Similarly with what we had established for TT and IT regardmg the basic
trigonometric figyres, in UT we have valid the following formula:

ye== (1 - Ixd)" - (29)

where k has values in the domain 2 <k <'co.
.. Based on formulas (2.1) and (2.2) we construct the graphs for suo having .
k = 3; k = 8 and k = . For comparison, we give the graph on sina function in CT,
characterized by k = 2, as we have shown. These were represented in Figure 1 (see Fig. 1).
We mention that for the clarity of figure (the curves for the values of k-given
above are very close) the “sine” functions were represented for the domain 0 < o < 7/2
only (first trigonometric quadrant).-
Ifin TT and IT the curves of the functions stya and sizo showed fragments for
a = n/2 and carried on at equal intervals with =, in Figure 1 we see that the respective
curves are monotonous for k = 3; k = 8 and this is generally valid for 2 <k < «. The
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form of curve representing swa for k = oo which in its tum has “segments” and .
explanations are connected with what we have to say in the next chapter. *
. We can see: that the curves for swo fimctions for 2 < k < o have ’some

prommences (in companson with the curve of sina function) round about the value
a = /2. These prominences are well-marked when k has a large value. They go to the
maximum together with the fragmentation of the respective curve, fork = .
The basic trigonometric figures in UT, given by formula (2.5) are represented in Flgure 2

“Again for clarity reasons these figures are represented. for the - first
trigonometric quadrant only. They are referred to the values of the orderk =3; k = 8
and k = co. For comparison reason, in the Figure 2 we also represent % of .the
trigonometric circle in CT, characterized by k = 0 as well as one of the side of
trigonometric rhombus characterized by k=1 in QT. ’

We see that, as.in TT case, the basic trigonometric ﬁgures for 2< k < o have
the concavity oriented towards the reference O (the coordinate axis ongm) The case k
=00 w111 be. dlscussed in the next chapter. :

: 3. “ The discussion of a special “at limit” case whenk =0 »

In [3] we discussed a special “at limit” case when k = 0. Now, we will discuss
the limit case k = co which is applied in UT. For this reason, in formula (2 3) we
replace ctga = 1/tga and obtain: S

U sma=tltged /(g . @ 6)
If we introduce in the denominator of formula (2.6) k = «and @ = 0 we gét into an
indetermination situation which can not be solved applying L’Hopital rule. I this case
we proceed to calculate the superior limit and respectively inferior limit [4] of su.e
function, more precisely of the denominator 1n formula (2.6) for k ) and a=o0.In

this way we have: _
| lim ‘(1+|tga|°")°= (1+A) , ' @.7)

where A is very small, but yet A # 0 and thus (1 + A) =1.
Slm1la:ly, we have

hm (1+|tga|°)°—(1 +A) S (2.8)
For formula (2.8) we a]so apply, further, the same reasoning like in formula Q7). Smce both
hmg) and hmql =1 where ¢ =[1 + |tg(0*)["]°, we also have, by [3] and [4], .

llm 1+ ttga|°°)° = ]. Since at the numerator tga = tg0 = 0, we have su.,,O 0.

For the situation when the angle a has values in the domain 0 < a <7/4, we have

0 < tga <1 and thus su,a = tga.
Carrying on, in order analyzing su.a function when a > 1/4, we need to return to

formula (2.3). In this way we first deal with “at limit” case for o = n/4 applying the method
to compute superior limit and inferior limit for the denominator (1 + [ctgof*)° of formula

i o= | < o0, Also 1i + °=1,
(2.3) we have lm;/ 49 + letgo™)=1 as [ctg(n/4)| < . Also alil% 7541) |c-:tgql“’) . ,IA
Thus, as we shown above, we have li154(1 Hetge[)" =1 and therefore su(/4) = 1.
a— .. o
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* It the domain 7/4 < a < /2 we have 0 < lctga| < 1 and therefore 0 < [ctga] <l.
Consequently, we have 1 + |ctga[® # 1 and su.a =1 (having l/k=1/0=0)s - °

Forthe hrmt case, whena 2, we proceedasabove applymg lim and lim
—@®2)  a—s(w2y

to the denommator of formula (2 3) namely (1 + |ctga[°’)° Again we w111 ‘obtain, and in
_this case, also su,(n/2) = 1. When o has larger values than /2, namely in the domain
"' n/2 <.g < n, then suyo, function will have the form which can be found in Figure 1, as it
happen with the periodic ﬁmctlon ‘sine” in general. Certamly, also for larger values of
o this fact is similar,
.Sy function successwely havmg negative values (in the domam n<o < 2m) and agmn
. posltlve etct. .
.. The. funchon cya — see formula (2.4) — as we. know from CT it is in fact
- represented again by a “sinusoid” (in our case, of type suya) but it is shifted by Ao = w/2.
+Regarding the basic trigonomietric figures (Flgure 2) matheématically modeled
~ by formula (2.5), k = « situation is considered again' as'a “llnnt case” and is treated
similarly as the case which we have discussed before. Thus, for x < 1 we also have |x|”
- <1 and therefore y = 1; thl§ represents the horizontal line (parallel with Ox axis) which -
‘includes the segment AB of Figure 3.

In this figure, like in Figure 2 we represented the basic trigonometric figures
completely (in all four trigonometric quadrants) fork=3,k=8andk=ox (UT) and for
comparison k =2 (CT) and k=1 (QT) (see Fig. 2).

... 1At limit” situation appear for x =0. Cons:dermg formula (2.5), if we calculate
x_% and hm 81 we obtam, forboth suuatlons the value 1. This means that the segment AB
- of Figure 3 mentxoned above, completes itself with the pomt of coordinates (0;1) (see Flg 3)
i Everythmg ﬁom above are valid for the situation when in front of formula
2.5) the sign + (plus) is taken into consideration. For the situation when we con51der
the & 51gn (mmus) everythmg is referred to the line segment CD of Figure 3.
If i m formula (2.5) we solve for x as a function of y we obtain:

xe=%(1+y)* S X))
Similarly as above regarding y function where y = () in formula (2.5), we
proceed also for the case of function x where'x = ¢(y) in formula (2.8), and obtain the
line segments BC,and DA. These, together with AB and CD segments form the basw
trigonometric ﬁgure in UT (the square ABCD) fork = .

4. Conclusions

In Ultratrigonometry. (UT) we developed the basic relations established in the
Traastrigonometry. (TT) [3] for the values of the order k comprised in the domain
2<k<ow (inTT,0<k<1)."

Thus, the classical trigonometry (CT) characterized by k = 2, represents the
border between TT and UT. The function “sine” of UT denoted by swa , for k < oo,
graphically works similar with the function sina (of CT), but remarkably outside of
sina graph, round about the value a = 7/2, This prominence is larger when the value of
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k is larger (Figure 2). In any case, the curves representing function sua (for k < o)
have a monotonous variation, not having “fragments” as it happen in IT and TT cases
(inclusive at the borders between them, in QT). When k = 0, in UT appear “fragment”
points of the curve which illustrate suya function. If we consider the domain 0 < o <,
we find these points when a = 7/2 and a = 37/2 respectively. For 0 <a < #/2 the
function has the same shape as tga. We have the same for (37/2) < @ < 2x. In the
interval n/2 < a < 37/2 we have suy,a = 1 (in fact su.a =1).

The basic trigonometric figures in UT are “squares™ with curved sides as we
can see in Figure 2 and Figure 3. In k = « case, the basic trigonometric figure is a real
square ABCD as in Figure 4. When the value of k decreases from k = « to k=2 (CT)
the curvature of the square ABCD sides becomes more prominent until it is a circle (k
=12). This circle has now the radius R = 1 like in CT.

The list of ﬁgdres

1. The trigonometric function su.a for the values of k =.3; k = 8 and k = w0
and, for comparison, for k =2 (CT).

2. The basic trigonometric figures in UT (for the first trigonometric
quadrant), for k = 3; 'k = 8 and k = = and, for comparison, for k = 2
(trigonometric circle of CT).

3. The complete basic trigonometric figures in UT, for k = 3 and k = = and,
for comparison, for k=2 (in CT) and k = 1 (in QT).
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